In quasi-Monte Carlo methods, point sets of low discrepancy are crucial for accurate results. A class of point sets with low theoretic upper bounds of discrepancy are the digital point sets known as digital (t, m, s)-nets which can be implemented very efficiently. The parameter t is indicative of the quality; i.e., small values of t lead to small upper bounds of the discrepancy. We introduce an effective way to establish this quality parameter t for digital nets constructed over arbitrary finite fields and give an application to the construction of digital nets of high quality.
INTRODUCTION
A central issue in quasi-Monte Carlo methods is the effective construction of low-discrepancy point sets and sequences. The most powerful current methods are based on the concepts of (t, m, s)-nets and (t, s)-sequences. A detailed theory was developed in Niederreiter [6] (see also Chapter 4 of Niederreiter [8] for a survey of this theory). , s \ 1. They are extremely well distributed if the quality parameters t ¥ N 0 are ''small.'' We follow Niederreiter [8] in our basic notation and terminology. Until now all construction methods which are relevant for applications in quasi-Monte Carlo methods are the so-called digital methods. Another reason for the importance of the digital method is that digital nets behave extremely well if they are used for the numerical integration of multivariate Walsh series (for example cf. [4] ).
These (t, m, s)-nets (resp. (t, s)-sequences) in a base
To avoid technicalities, in the following we restrict ourselves to digital point sets defined over a finite field F q of prime power order q. For a more general definition (over arbitrary finite commutative rings) see for example Niederreiter [8] or Larcher, Niederreiter, and Schmid [3] . Definition 1.2. Let q be a prime power and let s \ 1 and m \ 1 be integers. Let C (1) , ...,
.., s and For digital nets, the quality parameter t can also be determined in terms of linear algebra. Sometimes it is convenient to consider the matrices C (1) , ..., C (s) as a two-parameter system of vectors in F m q . 
are linearly independent over F q . (The empty set is considered linearly independent.) Then we arrive at the following characterization of digital nets (see [10, Lemma 3] 
In Section 2 we propose an algorithm which determines the quality parameter of digital nets. This algorithm improves and generalizes an earlier version for the binary field to arbitrary finite fields.
In Section 3 we apply this algorithm to generalize the work in [2] and [13] and to construct digital nets of high quality.
CALCULATION OF THE QUALITY PARAMETER
There are several reasons why the knowledge of the exact value of the parameter t is of interest. First of all, the discrepancy depends strongly on t; that is, we have the following bound (cf. [8, Theorem 4.10] ). Of course, the discrepancy (and hence t) is relevant to the theory of equidistribution and its application in quasi-Monte Carlo methods. By the Koksma-Hlawka inequality (see for example [8, Theorem 2.11] ) the discrepancy is directly related to the error in numerical integration. Therefore it is important to know how small t is for a particular (t, m, s)-net in order to know how large the integration error may be.
QUALITY AND CONSTRUCTION OF DIGITAL NETS
Furthermore, (t, m, s)-nets are inherently objects of a combinatorial nature. There are relations to other combinatorial objects such as linear codes or orthogonal arrays, and their respective parameters are closely linked to t, i.e., if a good (t, m, s)-net exists, other combinatorial objects with good parameters exist.
For various construction methods of (t, m, s)-nets there are only theoretical upper bounds on t that may be too pessimistic. The calculation of the exact value of t may indicate how accurate the theoretical bounds are.
An earlier approach to calculate t in the binary case can be found in [12] , where the algorithm was applied to investigate certain digital sequences. It also was used as a subroutine in the ''shift nets'' construction method [11] and for improvements of the ''Salzburg Tables'' [13] . The latter will also be considered in more detail in the next section.
Here we generalize this previous algorithm to arbitrary finite fields F q . Its key idea is the relation of (t, m, s)-nets to (d, m, s)-systems as stated in Lemma 1.1. We also build upon that and use the basic structure of the previous algorithm.
The program consists of an outer loop running through all d from 1 to m which tests whether the given matrices form a (d, m, s In the version for q=2 the linear independence was checked by traversing all linear combinations of the d vectors using the Gray code. This is a very efficient method of running through all linear combinations as only one vector has to be added at each step.
In the generalized version we extended this Gray code method to arbitrary prime bases. As in the case of q=2, care is taken that as d increases, no linear combination is checked more than once; i.e., we verify that the d 1 th vector taken from the first matrix, the d 2 th of the second, etc. has a non-zero coefficient in the linear combination.
We also used another method (which works in arbitrary prime power base q) to check for linear independence; namely, reduction of the matrix of the selected subset {v 1 , ..., v d } of vectors to row echelon form by Gauss elimination and subsequent determination of its rank. This proved to be significantly more efficient for higher bases. Furthermore, this allowed for the desired generalization to arbitrary finite fields: Once the basic vector operations are implemented, the elimination subroutine does not change substantially, whereas the Gray code method would have called for additional calculations.
The respective computational worst case complexities of the employed methods are presented in the following theorem. (ii) Gauss elimination method (À, é):
Proof. The sum in (i) is the number of linear combinations to investigate and for each of those just one vector addition is necessary (the details are given in [12, Lemma 2] ).
The estimate in (ii) follows in a similar way: The number of partitions of d into s parts, which is the number of times the inner loop of the algorithm is run through to perform the test for linear independence, is (
In the linear independence test, the number of vector additions and scalar multiplications for reduction of d vectors to row echelon form is at most
The asymptotic formula of (i) follows by
and likewise for (ii)
). L
The above complexity results are also mirrored in the runtimes: For small q and m sometimes the Gray code method still was ahead, whereas for larger q the elimination method outperformed it considerably, needing about the same amount of time regardless of the base. In Table I , we list some runtimes that illustrate these effects. In the first column, the parameters (t, m, s) are given and the subscript indicates the base q. The second column shows the time needed for the algorithm using Gray code, and the third for the algorithm using Gauss elimination.
In the runtimes of the algorithm using Gray code we observe a strong dependency on the base q. In the other algorithm the dependency is stronger on m − t, since not only the number of partitions but also the number of operations in the Gauss elimination is dependent on m − t. This algorithm can be used to examine previously constructed nets or to compare different construction methods, with respect to the actual value of t and in comparison with its theoretical bounds. A simple modification of the algorithm allows to make investigations of lower-dimensional projections of a digital net (see for example [14] ). We can also employ the algorithm in extensive computer searches for nets of high quality, similar to those for the ''Salzburg Tables.'' 
CONSTRUCTION OF DIGITAL NETS OVER F q
We first describe the special family of digital (t, m, s)-nets that was introduced in Niederreiter [7] . Our notation follows [8, Section 4.4] .
Let 
and define the elements c
Definition 3.1. The construction principle in Definition 1.2 yields a digital (t, m, s)-net over F q which is denoted by P(g, f) . If g is of the special form g= (1, g   1 
, ..., g s − 1
) with g ¥ R q, m (that is, g i -g i − 1 (mod f)) we will denote the point set by P (s)
Remark 3.1. The matrix When gcd (g i , f)=1, f(x 
is nonsingular (see [5, Theorem 6 .75]).
The following quantity and the subsequent lemma play a crucial role.
Definition 3.2. The figure of merit r(g, f) is given by
where the minimum is extended over all nonzero s-tuples (h 1 , . .
We note the following result of Niederreiter (cf. [8, Theorem 4 .42]).
Lemma 3.1. The point set P(g, f) is a digital (t, m, s)-net in base q with t=m − r(g, f).
Existence theorems for large figures of merit and the history of the search for binary ''optimal polynomials'' (polynomials g ¥ R 2, m providing point sets P (s) (g, f) with a large figure of merit) are given in [13] . The following facts for prime power base q are similar to the binary case. 
+ · · · +g
0 , the elements of C g i , f can be calculated by the following recursion:
Remark 3.2. By generalizing [13, ] to arbitrary prime power bases q one can easily compute matrices (D g 1 , f , ..., D g s , f ) of very simple form providing the same point set as (C g 1 , f , ..., C g s , f ). 1, g 2 , . .., g s ).
(ii) For gcd (g i , f)=1, 2 [ i [ s, the one-dimensional projection of  P(g, f) to the ith coordinate is a digital (0, m, 1)-net 
Proof.
(i) We may assume (ii) This is a consequence of the facts given in Remark 3.1 and of Lemma 1.1.
(iii) By (i) we can assume C (1) =C 1, f which is a triangular matrix.
=0. Therefore, the first row vector of C (i) is a linear combination of the first k+1 row vectors of C (1) . By Lemma 1.1, In both figures, black indicates an improvement of t by 2, gray an improvement of t by 1, and white indicates that no improvement occurred.
As mentioned in Section 2, the second algorithm also works in prime power bases. We have carried out several calculations over F 4 , F 8 , F 9 , and F 27 . Apart from some sporadic values there only exist the (excellent) upper bounds deduced from Niederreiter-Xing sequences. In Table V we compare the quality parameters obtained by our method for some selected values in base q=4 with the net parameters deduced from NiederreiterXing sequences as they were given in [9, Table 3 ]. Note that, by [10, Lemma 2], a quality parameter for sequences in dimension s holds for nets with q m points, m \ t arbitrary, in dimension s+1.
